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Chapter 1

The Basics

Learning Objectives

The goal of this chapter is to familiarize the reader with:

1 Propositional logic

2 Proof writing

3 Elementary set theory
4 Functions

5 Cardinality of sets

Let's start at the very beginning' (a very good place to start). Much of the
basics we present here are covered by courses designed to teach proof writing
and mathematical thinking. Students who are already comfortable with the
material may choose to skip it. The theory here is for those who could use
the review without having to look elsewhere. The practice may provide a good
opportunity to focus on good writing form.

11 Logic and Proof Writing

This section has no aspirations of being a complete introduction to logic.
Rather, the goal is to ensure the language used throughout this document
Is clear, and that the reader may understand the structure of proofs. Logic

'To quote the famous approximation theorist E. A. Rakhmanov.
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1.1. LOGIC AND PROOF WRITING CHAPTER 1. THE BASICS

uses statements, which, unlike ordinary English sentences, we will informally
define as sentences that must strictly be either true or false. If there's any
question about why otherwise grammatically correct sentences may not be
statements, consider: “This sentence is false” Really pause to think about
it. Statements must be true or false so that we can either prove or disprove
them. As a convention, we denote statements with P, Q, R, etc. and objects
which may or may not satisfy the conditions in those statements by x, y, n,
etc.

Statements and objects can be modified and combined through nega-
tions, connectors and quantifiers, which we translate to plain English in ta-
ble 11. Rather than formally define these, we will rely on the reader’s naive
understanding of their meaning from experience and suggest that the nota-
tion is taken as shorthand.

Useful Logic Notation

Expression Meaning
-P the negation of P (sometimes ~ P)
PAQ Pand Q
PV Q@ PorQ@
P = Q@ IifPthen@
or P implies @,
or P is sufficient for Q,
or Q is necessary for P
P < Q@ PifandonlyifQ,
or P and Q are equivalent,
or P is necessary and sufficient for Q

Ix there exists an x
Jlx there exists a unique x
Vx for all x

Fact 1.1: Vacuously True Statements

Though counterintuitive, the reader would do well to remember that the

statement
P = Q



CHAPTER 1. THE BASICS 1.1. LOGIC AND PROOF WRITING

Is always true if P is false . We say in these cases that P is vacuously
true (sometimes trivially true). For example, at the time of this writing,
the statement “all Nobel prizes in mathematics have been awarded to

me” Is vacuously true.

Writing the negation of a statement will come in handy to construct
counterexamples, prove results, and understand the nuances in definitions
with slightly different wording.

Negations of Statements

Statement Negation
-(PAQ) PV -Q
—(PVQ) —QA-Q
(P = Q) PA-Q
VX dx
—dx Vx

Example 1.1.1: Negation

The negation of “Vx3dy such that P = Q" is “dx such thatVy P A =Q
To prove that “for each prime number x there exists an even number y
such that x < 7 implies y = x" is false, it suffices to show there exists a
prime x such that for all even numbers y we have x < 7 but not y = x.
We can take for example, x = 5.

It is worth pointing out that the order in which objects are presented
and quantified matters (like the difference between uniform continuity and
continuity), so we will review it here.

Example 1.1.2: Order of Quantifiers
The difference between Vx3y and JyVx is demonstrated when analyzing

the English sentences

“For all students there exists a teacher”
and
“There exists a teacher for all students”

3
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CHAPTER 1. THE BASICS

In the former case, each student has a teacher (so there should be at
least as many teachers as students). In the latter, a single teacher may

teach all students.

Fact 1.2: Contrapositive Statements

P = Q

ﬁQ:}ﬁP

The following two statements are logically equivalent:

We call the second statement the contrapositive of the first.

For easy reference, we list below some proof outlines inspired by the
work in [Ham18], which can be a good reference for additional reading about
proof writing. These can act as guides when trying to prove a particular result.
Bear in mind that sometimes, in an exam setting, just being able to show that
you knew what you have to prove, though perhaps not how, can demonstrate

knowledge of the content being evaluated.

Outline for a Direct Proof

Proposition: P — Q

Proof.
Suppose P.

Then Q.

]

In the simplest type of direct proof, all thatis needed are the main defini-
tion referred to in the statement we are trying to prove and some elementary
computation. In the example below, we use the outline and fill in the gap to

prove a result.

Example 11.3:
Proposition: If n is even then n? is even.

Proof.
Suppose n is even.
Direct proof.




CHAPTER 1. THE BASICS 1.1. LOGIC AND PROOF WRITING

By definition, nis even <= dm such that n=2m. Then

Then n? is even. O

When a direct proof is not immediately apparent, it is worth trying to
prove the contrapositive.

Outline for a Contrapositive Proof

Proposition: P — Q

Proof.
Suppose —Q.

Then =P. O

To illustrate how the contrapositive statement may be easier to prove
than the original, consider the statement “If n> —4n+5 is even, then nis odd”
To prove it directly we would have to write n®> — 4n+5 = 2m which cannot
readily be solved for nin order to draw a conclusion like n = 2k + 1. However,
the contrapositive statement is straightforward with some computation.

Example 1.1.4:
Proposition: If n> — 4n+ 5 is even, then nis odd.

Proof.
Suppose n is even.
By definition, nis even <= dm such that n =2m. Then Contrapositive proof.
n —4n+5=(2m)>-4(2m) +5
=4m* —8m+5
=202m* —4m+2)+1
Then n? —4n+ 5 is odd. O



Choose the simplest
proof.
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A related technique is that of proofs by contradiction. We assume that
the statement we are trying to prove is false, and follow that line of reason-
ing to a paradoxical result to conclude that our assumption must have been
incorrect. “If | had won a Nobel prize | would have at least a million dollars,
but my bank account says otherwise, so it must have been a dream””

Outline for a Proof by Contradiction

Proposition: R Proposition: P — Q

Proof. Proof.

For the sake of contradiction, For the sake of contradiction,
suppose = R. suppose P A =Q.

Then C A =C, therefore R. O Then CA—=C,s0 P — Q. O

Note that it is possible for the contradiction statement to be P A =P, in
which case it would have been better to proceed with a proof by contraposi-
tive. In this case the proof by contradiction, while correct, is not the simplest
approach and can be more difficult to follow. We present here a classic ex-
ample of a proof by contradiction that motivates algebraic extensions of the
set of rational numbers.

There is no single correct proof of a given proposition or theorem, and
it is largely up to the reader to decide which method of proof is the best. A
good proof should be easy to read and follow. It should offer enough but not
excessive details and have a structure that makes the reasoning clear. It's a
good idea to keep in mind that someone is eventually going to have to read
your proof and decipher what you mean.

|7\/§ is an irrational number.

Proof.

For the sake of contradiction suppose V2 is rational. By definition, a number
is rational if and only if it can be written as £, for a pair of relatively prime
integers p and q.
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Then
v2="2
q
2
2= 2
q
2¢° = p?

This implies p? is even. If p were odd p? would also be odd, so p must be even
and p? must be divisible by 4. This means that 2q¢? is also divisible by 4, which
implies that g is also even. Then we have that p and g are even and that they
are relatively prime, a contradiction, so v/2 is an irrational number. O

The simplest claims to prove are those that only have one statement.
However, it is often necessary to have proofs nested inside of proofs or to
combine several proof methods for a more complex result. A careful reading
of the last example will make evident that an intermediate claim was used
before reaching a contradiction: “if p were odd, p? would also be odd” At
higher levels this is the kind of statement that does not require an explicit
proof as a claim, but its purpose here is to show that there may be several
steps in between the start and end of the outlines provided here. A good
example of this is the proof of if and only if statements, which requires two
smaller proofs.

Outline for an If And Only If Proof

Proposition: P <— Q

Proof.
P = Q.
Q = P

Therefore P — Q. O

Remember that P <= Q is used to say that the statements are equiv-
alent, so every definition stated as “(object) x is a y if (statement) P (is true)”
should beread as xisay if and only if P. On a related note, theorems that say
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statements are equivalent (where one of those statements is the definition of
an object) can be read as a chain of implications. When one of the statements
Is a definition, the conclusion is that all equivalent statements are defining
the same object.

To make a statement about all objects x satisfying some property, we
write P(x). This is useful when we want to make a statement about multiple

objects, as outlined in the example below.

Example 11.5:

Let P be the property of being a prime number. Then P(3) is true while
P(4) is false, as the number 3 is prime and the number 4 is not. To write
a true statement about the fact that 4 is a composite number we can
—P(x) is to say that there exists a number
that is not prime. We can say something about the uniqueness of 2 as
x is even A P(x). As a consequence,

write =P (4). Writing 3x

an even prime number with 3!x :

we can write Vx P(x) A (x > 2) = x is odd.

When we make statements about a countable number of objects, a use-
ful technique is that of proof by induction. There are two versions: weak and

strong.

Outline for a Proof by Weak Induction

CHAPTER 1. THE BASICS

Proposition: P(n) is true for all
natural numbers n.

Proof.
Base case: P(0) (sometimes

P(1)).

Inductive step: P(n) = P(n+
1)

Therefore P(n) for all natural
numbers n. N
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Induction Is often used to prove results about sequences or series, to
prove inequalities, or to extend theorem results to countably infinite cases.
We demonstrate it here on results related to function growth.

Example 1.1.6:
For any natural number n, if n > 5 then 2" > n?. That is, exponential
functions grow faster than their polynomial counterparts.

Proof.
We can prove this claim by induction.
Base case: Let n = 5. We can readily check that Weak induction.

25 =132>5%=25

so the base case is true.
Inductive step: Suppose the statement holds for n. Then

o1+l _ o . on
> 2n°
=n?+n?
=n?+2n+n(n—2)
>n+2n+1
(n+1)?

Using the fact that n(n —2) > 1 whenever n > 3. Thus the statement
holds for n + 1.
As a result, the statement holds for all n > 5. O

The name “weak” has to do with the strength of the hypothesis in the
inductive step and not the kind of result that can be proved. In weak induc-
tion we only need P(n) to be true in order to prove P(n+ 1), as opposed to
the “stronger” hypothesis that P(0) A --- A P(n) be true in strong induction.
It is worth noting that when working with natural numbers, both induction
principles are equivalent (if you can prove a result with one, you could prove
it with the other). However, in some situations one may be easier to apply
than the other.
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We present below some useful results that apply variations of proof by
induction, including one where the statement to be proved is a composite
statement (of the P(n) = Q(n) kind) and one where strong induction is
used. First, an outline for a proof by strong induction:

Outline for a Proof by Strong Induction

Proposition: P(n) is true for all
natural numbers n.

Proof.
Base case: P(0) (sometimes

P(1)).

Inductive step:P(1) AP(1) A--- A
P(n) = P(n+1)

Therefore P(n) for all natural

numbers n. O
We define the arithmetic mean of numbers x4, .. ., X, aS
A _ Xl _|_ N _|_ Xn
n
For nonnegative xi, ..., x, the geometric mean is defined as

G =x1- X,

For positive xq, .. ., X, the harmonic mean is defined as
1 1\t
H=n- (_+...+_)
X1 Xn

10
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The term “mean” here is used to indicate that these numbers fall be-
tween the smallest and largest of the x;. As a consequence, appending A to
the list of numbers xy, .. ., x, and recomputing the arithmetic mean results in
A again. Similar results can be proved for G and H. Below, we prove that if
the x; are between values a and b, the arithmetic mean is too.

Let xq, ..., x, be numbers between aand b (i.e. a < x; < bforalli). Then

St

n

Proof.

We prove the claim by induction on n. Let P(n) be the property a < x; < b
for 1 </ < nand Q(n) be the property a < 2=+0 < p et S(n) = (P(n) =
Q(n)). We need to show that S(1) holds and that S(n) = S(n+1).

Base case: To check S(1), we assume P(1) and must show Q(1). By
definition, P(1) holds if a < x; < b and the average of the terms, x;/1 = 1,
lies between a and b, so Q(1) holds as well. Therefore P(1) — Q(1) and
S(1) is satisfied.

Inductive step: We assume S(n) and want to show S(n+1) is true, so we
assume P(n+ 1) (in addition to S(n)) and try to prove Q(n + 1) holds. Since
S(n) is true, in particular from Q(n) we have

Xt X,

<——<b
n

an<xy+--+x, <bn
P(n+ 1) implies a < x,,1 < b, SO we can combine the inequalities to obtain

at+an <x3+--+X,+ X021 < b+ bn

aln+1) <xi+-+ X+ X1 < b(n+1)
5 <X1+"'+Xn+1
- n+1

<b

which is Q(n+ 1), as desired. Thus S(n+ 1) holds and the proof is complete.
[

M

Nested direct proof in
a proof by induction.
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Strong induction can be used to prove what is known as the “AM-GM”
inequality, which compares the arithmetic mean and the geometric mean.
Conveniently, it also serves as an example for the proof of an if and only if
statement. The inequality can be extended to include the harmonic mean,
which we leave as an exercise for the reader using the same technique pre-
sented here.

Theorem 1.5: AM-GM Inequality

If x1, ..., X, are nonnegative numbers, then
S < X
n
Equality holds ifand only if x; = - - - = x,.
Proof.
Let xq, ..., x, be nonnegative numbers, and let A and G denote their arith-

metic and geometric means, respectively. Since the number n of terms is
arbitrary, we use induction on k, where k is the number of terms different
from A.

Base case: If k =0, then all terms are equal to A and

X1+ +Xx, nA

n n
=A
— /An
= VE
=G

so the base case is true.

Inductive step: Suppose the statement holds for 1,2, ..., k —1, k of the
terms being different from A and consider the case where k 4+ 1 terms are
different from A. Without loss of generality, we may assume the numbers are
ordered so that x; < --- < x,. Since at least two of these are different from A,
using the averaging principle? yields x; < A < x,.

2“Every set of numbers must contain a number at least as large and at least as small as
the arithmetic average.”

12
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If ;, = 0forany i e {1,..., n} then G = 0, so G < A holds. We can
therefore assume that all terms are positive. Let y;, .. ., vy, be defined by:
A stays the same but
k is reduced to apply
the induction
hypothesis.

A i=1
Yi=4x1+x,—A I=n

X; otherwise

Let A, G’ denote the arithmetic and geometric means, respectively, of y;, . . ., V.
Notethaty;+---4+y, =xi+---+x, 50 A = A. Using the fact that x; < A < x,
we have

(xp —A)(A—x1) >0
Ax, — A% + Axy > x1X,
Alxy + x, — A) > x1X,

which yields

G =A% (x1+x,—A)>G

Ny, ..., y, there are either k or k —1 terms different from A, so we can apply
the induction hypothesis to conclude that G’ < A and therefore G < G’ < A.
O]

1.2 Sets

The philosophical debate over what exactly is a set is beyond the scope of
this document. A set is a concept that is impractical to formally define, so
the intuition built from experience of what a set is will work fine for our in-
tents and purposes. Without too much scrutiny of what each of the words
may mean, we take a set A to be a collection such that an element x in “the
universe” of whatever context we are working in can either belong to the col-
lection (written x € A) or not (x € A). We may also write x > A (respectively,
x F A, where appropriate. By convention, we use upper case letters like A, B,
C for sets and lower case x, y, z, etc. for their elements.

13
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The next few paragraphs are intended to provide a brief overview of set
theoretical vocabulary and concepts, providing connections to the topics from
the logic section where they might be useful. For additional reading on more
formal set theory, see [Roig9o]. To skip to a summary of the notation, see
table 1.3.

It is possible to define a set by listing all of its elements: A = {0, 2,4}.
However, for arbitrary sets, we will most often default to set builder notation,
where a set is described by the property shared by its elements. For exam-
ple, the set of even numbers, rather than being listed as {0,2,4, ...} can be
written as {m |mis a multiple of 2}3. Relationships between sets should be
understood as implications between the statements defining their elements.

The statement “every even number is an integer” is represented in the
set containment

{m| misan even number} C {n| nis an integer}

Since the sets are not equal, we say that the containment in this case is proper
(c, or ©). In math slang, being an even number has “stronger” requirements
than being an integer. If we describe A in terms of a property P satisfied
by its elements, A = {x | P(x)}, and do the same for B with property Q,
B = {x|Q(x)}, wecansay A = {x € B | P(x)}. In general, we say A is
containedin B(AC B)ifxe A = x € B (see section 1.2).

B

Figure 11: Ais a subset of B.

We can easily make subsets this way by simply adding more require-
ments. For example with a different new restriction on the elements of B, we
canwrite {x € B | x ¢ A}. This is called the set difference of B and A, denoted
by B\ A (see fig. 1.2). Using integers and even numbers for B and A, the set
B\ A is exactly the set of odd integers.

3Read as “all the elements m such that mis a multiple of 2

14
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A\ B
Figure 1.2: The set difference of A and B.

If the sets were equal, then, we take that to mean that x € A < x €
B, meaning that the property shared by elements of A is equivalent to that
shared by elements of B. We could prove that A = B using the outline for an
if and only if proof by proving, separately, that AC B and B C A.

Starting with sets Aand B we can define new sets by combining or mod-
ifying the statements about their defining properties. If we want to consider
elements that are eitherin Aor B, (x € A) V (x € B), we are describing the
union of A and B: AU B (see fig. 1.3). Saying that the set of integers is the
union of even and odd numbers means each integer is either an even or an
odd number.

AUB
Figure 1.3: The union of Aand B.

Changing the “or” in the description unions for an “and” yields the in-
tersection of A and B, AN B (see fig. 1.4). The set of numbers that are both
even and odd is the empty set (@), as it has no elements. In this case (where
the intersection is empty) we say the sets are disjoint. A straightforward way
to obtain a set that is guaranteed to be disjoint from A is to consider the
elements (in the “universe”) that are not in A, i.e. =(x € A) define the com-
plement of A, A°€.

15

Proof of equivalent
statements



Use the techniques
from this example to
prove it.

1.2. SETS CHAPTER 1. THE BASICS

ANB
Figure 1.4: The intersection of A and B.

A way to combine elements of A and B is to list them as ordered pairs
(a, b) where a € A, b € B. The set with all such pairs is the Cartesian product
of Aand B, denoted by A x B. We may even use the product of multiple sets,
or a set with itself multiple times, to define n-tuples instead of just ordered
pairs.

The power set of A, written here as 24, is the set

2A={B|BCA}

For a finite set A, say, with n elements, we could explicitly list element down:
A={a, ..., an}. If we fix an arbitrary subset of A, B, each element of A may
or may not be in B. For each a;, assign eithera o (if a; € B) or a 1 (if a, € B).
By counting all the possibilities, we obtain a total of 2" possible subsets of
A, including both A itself and @. Since 2" > n , we can see that the power
set of A always has more elements than A. That is, the cardinality of 24 (|24)
is greater than that of A (JA]). Though the proof is less straightforward for
infinite sets the result holds true for all sets, so we list it here (and prove it
later for countably infinite sets).

Fact 1.6: Cardinality of the Power Set

Forany set S, |S| < [2°].

To summarize the notation so far, with alternatives that may be found
in other texts, we present the following table:

Useful Set Notation

Expression Meaning
x €A x is an element of the set A
xegA x is not an element of the set A

16
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%)
AUB
ANB
AC
A\ B
Ax B
ACB
2A
Al

the empty set (sometimes {})

the union of Aand B

the intersection of Aand B

the complement of A (sometimes A’ or A)

the set difference of A and B (sometimes AN B¢)
the Cartesian product of Aand B

Ais a subset of B (sometimes A C B)

the power set of A (sometimes P(A))

the cardinality of A (sometimes #A)

Having defined some ways to make new sets from existing sets, let us

prove a few results.

and

Let A, B, and C be arbitrary sets. Then

A\ (BUC)=(A\B)N(A\C)

AN (BNC) = (A\B)U(A\C)

Proof.

For the first claim, we will use the definitions in terms of logical operators:

Equivalent statements

x€A\(BUC) < (x€e A)A(x¢g (BUCQ)) used to prove equality

(x e A)A-((xeB)V (xe€C)) of sets.

(xe A)A(—(x € B)A=(x € ())

(xe A)A-(xeB)A((xe A)A-(x e C))
(xe AAN(xeB))AN((xe AN (xe€C)
(xe ANB)A(xe ANCY)

(xe A\B)A(xe A\ C)

x € (A\B)N(A\C)

1111117

For the second claim, we will use double containment:

Double containment.
17
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“C" let x € A\ (BN C). Then by the definition of complement, x ¢
(BNC), which by the definition of intersection meansx ¢ Borx ¢ C. If x € A
butx ¢ B,thenx € A\ B. If x € Abut x ¢ C,then x € A\ C. In any case, we
have x € (A\ B) U (A\ C).

“O" Let x € (A\ B) U (A\ C). Then by the definition of union, either
x e A\Borxe A\C). Ifxe A\ B, thenx € Aand x ¢ B. If x € A\ C,
then x € Aand x ¢ C. In both cases we have x € A, and then either x € B or
x ¢ C. If x fails to be in one of either B or C, by definition of the intersection,
x € BN C. Therefore x € A\ (BN C). O

When we have a collection A = {A; | i € I} of sets with indices in /, we
can consider the arbitrary union and intersection of the sets. We use | J,., Ai
or | J.Ato denote the union of all the A;, and similarly |, A; or[().A to denote
their intersection.

iel

Before we can look at concrete examples, we need to establish some
notation for the sets we will be working with. We will be working primarily
with number sets, all of which can be endowed with algebraic operations.
While it may be a bit of an oversimplification, to say that a ring is “a set that
behaves like the integers with addition and multiplication” is a good way to
get a feel for the most important properties from a concrete example.

Historically the sets were defined as extensions that allowed solutions to
increasingly sophisticated polynomial equations (with natural numbers sub-
traction doesn’t always make sense, in the set of integers division may not
work, etc.) Their algebraic properties and axiomatic constructions will be al-
luded to but not expanded upon. The most important of these is the axiomatic
description of the natural numbers (Peano’s axioms) which are the foundation
for proofs by induction. We leave these as optional reading (see [Lan66]).

Sets a real analysis student should be familiar with are:

1 N: The set of natural numbers. We assume here that 0 € N and to denote
the set of strictly positive natural numbers use N*. This is a countable®
ordered set closed under addition. Great for proofs by induction, count-
Ing, and indexing.

“This is to say we are going to prove A\ (BN C) C (A\ B)U(A\ Q).
5A set whose elements can be listed, without leaving anything out, though the list may go
on forever. i.e. A set with cardinality equal to |N|.

18
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2 Z: The set of integers. This is the smallest extension of N that allows
solutions to equations like x+n = 0 where n € N. When paired with op-
erators + and - it forms a commutative ring with identity. Also countably
infinite, it tends to serve the same purposes as N.

3 Q: The set of rational numbers. This is the smallest field containing Z
(i.e. the smallest extension where x - n = 1 has a solution for n € Z).
Countable but dense®, this set has many advantages over N and Z but
falls short in two main aspects: polynomial equations (like x*> = 2) may
have no solutions in Q (so it is not algebraically closed) and not every
bounded subset of Q has a supremum (or least upper bound) in Q (so
it is not complete).

4 R: The set of real numbers. This is the smallest extension of Q that has
the leaves no “holes.”” If Z can be visualized as evenly spaced dots on
a line, and Q as tightly packed dots, so that there are dots between any
two dots, R can be thought of as a solid line. Unlike its predecessors in
the list this setis uncountably infinite® (a useful fact in cardinality-based
arguments).

5 C: The set of complex numbers. This is an algebraic extension of R that
allows solutions to x2 + 1 = 0. In many (but not all) ways, it is good to
think of itas R? =R x R.

6 R": Euclidean n-dimensional space. Usually considered as a vector space
over R. This will be a good mental model to start understanding higher
dimensional spaces.

Remark Interval Notation. In an ordered set X, we can write

(a,b) ={xe X |a<x<b}
(a,b] ={xe X|a<x<b}
[a,b) ={xe X|a<x<b}
[a,b] ={xe X|a<x<b}

5Used here to mean that there are rational numbers arbitrarily close to any other number.
’This will later be called the least upper bound property
8Any way you try to list it, you will always fail to include all elements, even with unlimited

time to go on listing.
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The sets N, Z, Q, and R are ordered, so we can unambiguously use interval
notation in them. Note that in other resources (notably [Die60]) the interval
(a, b) is denoted by ]a, b|.

Example 1.2.1: Arbitrary Intersections and Unions
Consider the following sets as subsets of R.
- Let A, = {n, —n}, where n € N. Then |,y Ar = Z.

- Let Ay = {2} where n € Zand m € (Z\ {0}) = Z*. Then
Unmyezxz: Amn = Q.

- Let A, = [0, 1], where n € N*. Then ),cn- An = {0}

- Let A, = (—n,n), where ne N. Then |, A =R.

neN

Several other results that can be proved through similar methods to the
ones we have presented so far are listed below.

Fact 1.8: Set Operations

AN(BUC)=(ANnB)U(ANCQ)
AU(BNC)=(AuB)Nn(AUC)
(AUB) = AN B°
(Ua) =N
(ANB) = A“UB*
(Na) =Ua

Ax (BNC)=(AxB)N(AxC)

1.3 Functions

Functions are a central part of analysis (if not all of mathematics). Most read-
ers will be familiar with functions through their graphs, but we wish to define
them more formally (read: abstractly),as subsets of the Cartesian product of
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two sets representing a set of rules to associate their elements. We use func-
tions to compare and relate mathematical structures, gain information about
them , and to establish connections between previously unrelated objects. In
short, functions can help us understand new objects by building on the ones
we were already comfortable with.

A function (sometimes map or mapping) f : X — Y is a subset f C
X x Y such that for each x € X there exists a unique ordered pair
(x,y) € f containing x. We abbreviate (x,y) € f as f(x) = y. In effect,
the equation f(x) = y describes all pairs in f, so this rule defines the
function. We call X the domain of f, the elements of X the inputs of f,
Y the range of f, and elements of Y the outputs of f.

The conventional notation is to use letters like f, g, h for functions and
the usual set conventions for their domain and range. We visually represent
functions between arbitrary sets (with no particular structure) as arrows con-
necting elements of the sets (see fig. 1.5).

Figure 1.5: A function f : X — Y.

Example 1.3.1:

Another way to establish the uniqueness of a pair (x, y) for each x € X
IS to say that whenever (x, 1), (x,y2) € f then y; = y,. Consider f :
N — N defined by the rule f(x) = 2*.If (3,8) and (3, m) are both in f,
then we can deduce that m = 8, as only one value can be assigned to
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e. In algebra, precalculus or calculus classes this property is known as
the vertical line test (two values on the same vertical line would be two
values assigned to the same input).

Definition: Image, Inverse Image

Let f : X — Y be any function. The inverse of f is the set f=1 =
{(f(x),x) | x € X}. For S C X, the direct image of S is

F(S) ={f(x) | x € S}
For T C Y, we define the inverse image, or pre-image of T as

FFT)={xeX|f(x)eT}

Example 1.3.2:

let f : Z — N be defined by f(n) = n?, A = {-2,3,5} and B =
{4,9,16}. Then f(A) = {4,9,25} and f}(B) = {2,—2,3, -3, 4, —4}.
The reader is encouraged to consider how sets such as f(AU B), f(A°),
or f(f~(B)) behave. How do do set operations behave when combined
with the function or its inverse?

As we build a larger foundation of core concepts we will find more and
more ways to relate them to one another. The image and inverse image can
be combined with set operations to obtain a series of useful results.

Fact 1.9: Functions and Set Operations

Let f : X — Y be any function, let S, 51, 5,,S5; C X forall /i € /, and
T,T1,To, T, CY forallj € J. Then

f (Us,-) = Jf(s)

i€l i€l
f (ﬂs,-) C)f(S)
icl icl

f(S51\ S2) C f(51)\f(S2)
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U =Urm
Jjed Jjed
AT =0T
Jjed Jjed

FHT\T2) = FH(T)\ FH(T2)
S CFH(F(S))
T2 f(F(T))

Note that in many cases equality is not guaranteed without additional
conditions on f, and that what may hold true for a finite number of sets
may not hold for general unions or intersections. Many of these make great
exercises, and can be proved with the techniques demonstrated so far.

To see that in general f (¢, Si) 2 Nie; F(Si) we need to find a function
f and sets S; such that for some x € (¢, F(S;), x € f (N;e; Si)- 1t is not nec-
essary to go directly to a generalized union, and we can find counterexamples
with just a couple of small sets. One way to ensure an element does not be-
longto f(5:NS,) is to make the set empty. It is possible, for example, for dis-
joint sets to have the same image. Consider S; ={1,2,3}, S, = {-1, -2, -3}
and f(x) = |x|. Then f(51) = f(S2), so f(S1) N f(S2) = {1,2,3} while
S1 NS, = @ and therefore f(5: N S,) = @.

However, it was not necessary for the sets to be disjoint. Take for ex-
ample S3 = {—1,0} and S; = {0,1}. Then f(S3) = f(S4) = {0,1} so
f(S3) N f(Ss) = {0,1} while f(S3 N S4) = f(0) = 0. What both construc-
tions have in common and makes equality fail is the fact that the images of
the sets may overlap more than the sets do. That is, points that the sets don't
share in common can map to the same values. This makes the intersection
of the images comparatively “big” while the the intersection of the sets (and
therefore its image) may be “small”

When working through exercises it may be easy to default to functions
that are familiar.  The flaw with this method, which is good for scratch work
and to get a rough idea of what is going on at first, is that often these fall
into categories of functions that are all “the same.” Likely the function types
that immediately come to mind include polynomial, absolute value, radical,
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exponential, logarithmic, and trigonometric.? It is a good idea to get into the
habit of thinking of the most general function possible: not just a polynomial,
not just applied to a finite set. You should really challenge your notion of
what a function is, as the construction of counterexamples is a great skill to
have and will require a lot of “outside the box” thinking.

Let f : X — Y be a function. We say that f is one-to-one'®, or injective,
if forall x;,x € X f(x1) = f(x) = x1 = x. We call f onto, or
surjective", if for all y € Y there exists an x € X such that f(x) = y.

A function fails to be one-to-one if it more than one point maps to the
same output, and fails to be onto if any point in the domain fails to have an
arrow pointing to it (see fig. 1.6).

Remark. Though the notation will not be used here, readers should be aware
that other texts may use the shorthand f : X < Y to denote a one-to-one
function, f : X — Y for an onto function.

X f Y X g Y

1

Figure 1.6: f is not one-to-one, and g is not onto.

Note that the definition for f being one-to-one is equivalent to requiring
=1 to be a function. Seen this way, the uniqueness of outputs translates into
a “horizontal line test,” analogous to the vertical line test used to determine
If an arbitrary set of pairs is a function. If an injection from X into Y exists,
we can see X as being “a part of"? Y.

°Kudos to you if you have one in mind that hasn't been mentioned yet, like constants,

piecewise functions, step functions, or pulse functions.
©This naming convention was standardized by Bourbaki. Read more here.
A better word for this is embedding, but a proper embedding must also preserve the

structure of X and Y, which we haven't defined the language for yet.
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Example 1.3.3: One-to-one Functions

The function f : R — R, defined by f(x) = x3 is one-to-one. Let x;, x, €
R. Then f(x1) = f(x) implies x? = x3, so that x? — x3 = (x; — x)(xZ +
x1x2 + x3) = 0. This equation has a solution when either x; = x, or
X] = %\@’X However, in the second case the solutions are not real,
so it must be the case that x; = x,. On the other hand, the function
g : R — R, defined by g(x) = x? is not because, for example, g(—1) =

g(—1) =1.

While a function is expected to use every point in its domain in at least
some pair, the same may not be true of every point in its range. We interpret
as surjectivity that the entire range is “covered” by the function. often, if it
Is desired, it can be forced by restricting the range. In many notable and
less obvious examples, though, whether or not this is possible is tied to a
comparison of the cardinalities of the sets involved.

Example 1.3.4: Onto Functions

The function f : R — R defined by f(x) = e~ is not surjective. For
example, there is no value of x that maps to 0 € R. However, g : R —
(0,00) defined by g(x) = e* is surjective, as for any y € (0, 00) In(y)
is well defined and satisfies g(In(y)) = y. In general f : X — f(X)
Is always onto, though not always interesting to consider. No function
h : N — R can be onto and the reason why (which boils down to the
fact that |R| > |N|) says more about the differences between the sets
than a function onto some countable subset of R would.

Mostly to establish some common notation, we introduce here ways of
combining functions so that we may prove results with them later.

let f : X — Y, g:Y — Z be arbitrary functions and let A C X.
The restriction of f to A, denoted f|,, Is the map f|s : A — Y defined
by fla(x) = f(x) for each x € A. The composition of g and f, denoted
go B, isthe function go f : X — Z defined by (g o )(x) = g(f(x)).

“Read as “g following " or “g of £
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Beyond restricting the range, we can restrict the domain of a function
to make it a bijection. For example f : R — [0, 00) defined by f(x) = x? is
not a bijection but f|jg ) IS. Restrictions and compositions can inherit some
properties of their parent functions.

Fact 1.10: Composition of Functions
letf: X —VY,g:Y — Z. Then

1 If f and g are one-to-one, sois go f.

2 If f and g are onto, soisgo f.

3 If f and g are bijections, sois go f.

With this new vocabulary we can amend our previous list of useful facts
to specify when equality holds.

Fact 1.11: Functions and Set Operations

Let f : X — Y be any function, let S, 51, 5,,S; € X forall / € /, and
T CY.If fisone-to-one, the following results hold:

- f (ﬂ,-e/ Si) € Mies F(S0)
CFUA(S)) = S
If f is onto, the following result holds:

AT =T

Though the inverse of a one-to-one function f : X — Y is also a func-
tion, it may not be well-defined as not every point in Y may be in one of the
pairs. We say that g : Y — X is a left inverse of f if g(f(x)) = x for all x € X.
If £ is one-to-one, g = 1 is its left inverse. In other words: if only one x
satisfies f(x) = y, we can recover x from y because no information is lost by
f. Let us consider f : R — R defined as f(x) = x2. Since (=2)2 = 22, it s
impossible to tell whether we started at —2 or at 2 when we say x> = 4.
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Figure 1.7: If there were multiple choices for x such that f(x) = y, f~! may not
recover the correct one when composed with f.

Similarly, we can definea g : Y — X to be a right inverse of f if for
each y € Y we have f(g(y)) = y. If f is onto, g = 1 is its right inverse. This
works because when f is onto we can travel back from any y. The fact that
applying f again yields y is guaranteed, even if there are multiple possible
assignments for g(y). To continue with the example of f(x) = x2, whether
we assign g(4) = 2 or g(4) = —2, we will have f(g(4)) = 4. Thus for a

Figure 1.8: If a point y € Y is not mapped to, the inverse is not defined at
every point in its domain.

function to be invertible, in the sense that it's possible to go back and forth
between inputs and outputs without losing information, we require it to be
both one-to-one and onto. We will in the future refer to invertible functions
as bijections, which we define below.
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Definition: Bijection, Invertible

A function that is both injective and surjective is said to be a bijection.
A function f : X — Y is said to be invertible if there exists a function
g:Y — Xsuchthat (fog)(y) =yforally € Y and (go f)(x) = x for
all x € X.

A bijection can be read as a simple equivalence between sets (or at least
between their sizes). With bijections defined, we can formalize the notion of
countable sets.

Definition: Cardinality, Countable Sets

Two sets A, and B have the same cardinality if there exists a bijection
between A and B. A is said to be countable if |A| = |N]|.

Example 1.3.5: Union of Countable Sets

Let A, B be countable sets. Since there exist bijections between A and
N, we can write A = {ag, a1, a, .. .}. Similarly, B = { by, by, by, ...} We can
define a bijection between N and AU B as follows:

a n=2i

bj n=2i+1

f(n) =

The proof that this is indeed a bijection is left as an exercise to the
reader.

This proves that a finite union of countable sets is again countable. As we
Impose more structure on sets and properties on functions to preserve that
structure, the comparisons we are able to make with bijections will become
more sophisticated.

Example 1.3.6: Bijections
The function f : R — R defined by f(x) = (x — 1)(x — 2)(x — 3) is onto
but not one-to-one (this can be readily seen from its graph so we omit
a proper explanation). The function g : N — R defined by g(x) = x is
one-to-one but not onto. The function h: R — (0, 1) defined by

ox
eX+1

h(x) =
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Is a bijection. It is an one-to-one because h(x;) = h(xx) yields
eX e*
en+1 ee+1
e(e®+1)=e%(e"+1)

eX1 — eX2

X1 = Xo

It is surjective as for y € (0,1) we have

h(m(%)): ‘_Ty

<
—

Il
| IS
<
_|_
—

I
L

|
<
+
T
u

b
L

This result highlights the fact that any open interval in R is “as big” as
the entire real number line.

Though it is intuitively easier to imagine that a bijection exists between
(0,1) and [0, 1], it is not as easy to explicitly construct one. The result is
less important than the techniques used in this construction, so we will add
comments in the proof to explain why some simpler approaches would not
work.

rThere exists a bijection f : (0,1) — [0, 1].

Proof.

The two sets correspond almost exactly to each other and only two points
(0 and 1in [0, 1]) would be unaccounted for if we mapped x — x. This could
even be adapted to map (0, 1) to a more general interval like (a, b) by mapping
x — (b—a)x+a. Fundamentally, the flaw in this approach is that it leaves
no options in the domain to map to the endpoints of the closed interval. If
every point of (0, 1) is accounted for and we haven't assigned any of them to
map to 0 or 1 there’s nothing left to choose.
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What about picking some points x,y € (0,1) to map to 0 and 1?7 If we
did, we would have to make a correspondence between the remaining points
mapping (0,x) U (x,y) U (y,1) to (0,1). However, an identity function also
fails here as now there are two inner points of (0, 1) that will not be covered.

For any finite number of segments we try to divide the intervals into,
there will always be some point in the range that is not covered. Key word
“finite” With an infinite number of segments, finding one or two more points
won't be an issue.

Any countable subset of (0, 1) will work, but we will choose A = {ﬁ |ne
N*}. We can map A to an also countable subset A’ = {0,1} U A of [0, 1].
Since they are both countable, it is sensible to expect a bijection there. As
constructed, (0,1) \ A = [0,1] \ A’ so that we can use the identity function
outside of A. We define a bijection f : (0,1) — [0, 1] as follows

0 X =

1 X =

Wl NI

f(x) = 1

o1
e T X=gpn>2

X otherwise

The first three cases map Ato A, while the remaining points are fixed. We will
now carefully check that this is indeed a bijection.

To see that f is one-to-one, let x;,x € (0,1) and suppose f(x;) =
f(x2) = y. There are two cases to consider: eithery e Aory ¢ A If y € A,
then one of the following is true:

+ y=0,inwhich case x; = x, = 2

- y=1,inwhich case x; = x = 1

1

1 1
n+1

¥y = 35 forsome n > 2, in which case x; = x; =
Ify ¢ A, then x; = x» directly follows from the construction of f. We can
therefore deduce that f is one-to-one.

To see that f is onto, consider an arbitrary y € [0, 1]. The cases outlined
above exactly describe the possibilities for the x € (0, 1) that satisfy f(x) = y.
Thus f is onto.

With these two requirements met, we can conclude that f is a bijection.

]
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1.4, +Factorials and Binomial Coefficients

While not strictly in line with the other learning objectives in this chapter, the
topic of factorials and binomial coefficients provides excellent opportunities
to see new uses of the techniques discussed. While they are primarily used
for counting (i.e. in combinatorics) they will be featured, for example, in work
with sequences and their limits. They also open the door to a discussion of
function growth, and a study study of comparisons between different function
types (polynomial, exponential, factorial, and others). While function growth
is of interest in its own right, we introduce it here through examples that may
be more familiar to the reader.

Definition: Factorial

For a natural number n we define n! (read “n factorial”) by

- 0l=1

- (n+)!=nl-(n+1)

It is worth pointing out that n! grows very fast, even compared to expo-
nential functions. We state a version of the result here comparing n! to 2",
though similar statements can be made for other exponential functions.

Let n > 5. Then n! > 2"

Factorial expressions can be generalized to non-discrete domains add
reference to future chapter. For the time being, we can add another definition
that will be useful: binomial coefficients.

Definition: Binomial Coefficients
For n, k € N, k < n, we define the binomial coefficient

(i) = 7o
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The expression () is read as “n choose k" and counts the number of
ways of choosing k out of n elements.

We will use the following result about binomial coefficients to prove the
binomial theorem.

Proposition 114

Let n, k € Nwhere k < n— 1. Then

b=+ (%)= ()

Proof.

n—1 n—1 (n—1)! (n—1)!
(k—l) +( P ) T kD=1 = (k=D T K[ =1) Al

B (n—1)k (n—1)Yn—k)
T (k=Dk(n—k) " Kli(n—k—1)(n—k)
~ (n=1)!
TG

n!
~ K(n— k)

-(2)

Theorem 145: Binomial Theorem
For numbers x,y e Rand n € N

Proof.
We can prove this result by induction on n.

Base case: If n =0, we have (x+y)° = 1 = (), so the statement is true.
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Inductive step: Suppose the statement is true for n.

(xX+y)" = (x+y)(x+y)"

2 (1))

:("rl) by proposition 1.14

n
(” : 1 ) XK1y (1) =k)

>

=1

So the statement holds for n + 1.
We therefore conclude that the equation is true for all n € N. O
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Learning Checklist

Mastery of this chapter means being able to:
00 Write statements using the correct notation (logic, sets, number sets)
O Identify equivalent statements (see, for example contrapositives)
O Understand and use proof outlines

O direct proof

0 contrapositive proof
0 proof by contradiction
O if and only if proof

0 proof by induction

O Identify vacuously true statements
O Decide whether one set is contained in another (and prove it)

0 Know how function images and preimages behave when combined with
set operations

O Determine whether a function is one-to-one, onto, or a bijection (and
prove it)

(0 Compare the cardinalities of sets

0 Construct examples and counterexamples
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Practice

Memory

A. Recall definitions to complete the sentences.

1) The statement P = Q is vacuously true if
2) P = Qs equivalentto
AC B if

A=Bif

3
4

6) xe A\ BIif
7) Afunction f : X — Y isa subset f C X x Y such that

8) Afunction f : X — Y is one-to-one if

9) A function f: X — Y isonto if

10

)
)
)
)
5) x € A if
)
)
)
)
)

A function f : X — Y Is a bijection if

Computation

B. Use set and logic notation to (re)write the statements.

1) Let P and Q be the statements defined by:

P : we wear pink

Q : today it is Tuesday

“On Tuesdays, we wear pink.”

2) Let P, @, and R be the statements defined by:

P : There exist real numbers that are not rational
Q : Every integer s a rational number

R : There exist real numbers that are not integers

Write one true statement combining all three.
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3) A number m is divisible by three if and only if there exists some

integer k such that m = 3k.
4) All natural numbers are integers.
5) Every element of set A is positive.
6) There exists a subset A of X with 5 elements.
7) f € X x Y is a function.

8) f: X — Y is one-to-one.

)
)
)
)
)
)

9) f: X — Y is onto.

C. Describe the set that results from the given operations.

1) Let A={0,2,4,6}, B=1{0,3,6). Find ANB, AUB, A\ B.

2) Let A= {1,2,3, 4}. Explicitly list all the elements of 24. How many
elements does 22" have?

3) Let2Z = {2n | n € Z},3Z = {3n| n € Z}. Find 22N 3Z, 2Z U 3Z,
27\ 3Z.

4) LetQ(v/2) bethe set {p++v2q | p, g € Q}. Find QNQ(v/2), QUQ(V2)
and Q(v2) \ Q.
5) Define the sets A, = (=2, ). Find (,cn- An @and U,en An

6) Let f : Z — N be defined by f(n) = n?. Consider the sets 2Z =
{2n|ne€ Z},and3Z ={3n| n € Z}. Find f(22), f(32), f(2Z2)Nf(3Z)
and f(2Z2n32).

7) Let f : R — R be defined by f(x) = 2%. Find f~1({4,8,16}),
f({0,—2,4}).

Quick Applications

D. Use definitions to prove the desired result.

1) In the proof of theorem 1.5 we used k = 0 as the base case, but
it was possible to start with k = 1. Prove that the inequality is
vacuously true in this case. Hint: Prove that it is not possible to
have exactly one term different from A.
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2)

Use the contrapositive of the definition of a one-to-one function to
write an equivalent definition.

Write an outline for the proof of the fact that a function is invertible
ifand only if it is a bijection.

Prove that Ax (BNC)=(Ax B)N(AxC).

Let A, B be finite sets. Describe all possible functions from A to B.
How many functions are there?

let f : X — Y be any function and let S C X and T C Y. Prove
that S C F~1(f(S)) and T D f(f~1(T)).

Let X and Y be finite sets. Prove that if |X| > [Y], no function
f . X — Y can be one-to-one.

letf: X —Y,g:Y — Z. Then

i) If fand g are one-to-one, sois go f.
i) If f and g are onto, sois go f.
iii) If f and g are bijections, sois go f.

Focus on Technique

E. Use the techniques demonstrated throughout the chapter to prove the
following results.

1)

2)

3)

For arbitrary sets A and B, How would you prove that A Z B?

Write the outline of a proof of the fact that a function f : X — Y
is onto.

Suppose ug, Uy, ... are numbers such that v,y 1 = U, + Up_1, Ug = 0
and u; = 1. Which type of induction would you use to prove that
u, < 1.7" for all n?

Let xq,...x, be non-negative numbers. Prove that the harmonic
mean of the numbers is less than or equal to the geometric mean.

Use induction to prove that 1 +2 + -+ n = 221

Prove Bernoulli's inequality: if a > —1 then for every n € N we have
(14+a)”> 1+ na
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7) Construct an explicit bijection between N and Z.
8) Construct an explicit bijection between (-1, 1) and R.

9) Leta, b € R. Construct an explicit bijection between (0, 1) and [a, b).

Prove or Disprove

F. Decide whether the statement is true or false. If true, prove it. If false,
find a counterexample.

) Vx @ C x.

) o= {2}

3) AU(BNC)=(AuB)NC.

4) (A\B)\C=A\(BUC).
)
)
)

1

2

5) A=Bifandonly if A\ B= B\ A
6) If BN X =Cn X forevery set X, then B=C.

7) Let f : R — R be defined by f(x) = |x|and A= {x € R| x < 0}.
Then A C f}(R)

8) Letf: X — Y and A C X. Then f(A°) = [f(A)]".
9) Letf: X — Y and B C Y. Then f~1(B°) = [f}(B)].

10) If there exists a bijection between X and Y, and there exists a bi-
jection between Y and Z, there exists a bijection between X and
Z.

11) The intersection of any two countable sets is countable.

Critical Thinking

G. Test your understanding.

1) In trying to prove that the product of any two odd numbers is also
odd, a student showed that the product of 3 with 5 is odd. Why
does this not work? What would be a better approach?
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2)

7)

8)

Note thatfor f : X — Y, S; C X foralli e /,and T; C Y for all
J € Jequality fails in

f(ﬂs,-) C(f(S)

el iel

but not
f_l

N7

Jjed

=T

Jjed

Can you explain why?

In an attempt to prove that a statement S : P = Q is true for all
natural numbers (i.e. that S(n) holds for all n € N) a student started
writing for the bases case: “Since P(0) is false, statement S(0) fails
and therefore S is never true.” Correct this student’s reasoning.

For f : X — Y and S;, S, C X we only have the containment
f(S1\S2) Cf(S1)\f(S2)

Find the conditions that make equality hold and prove your result.

We can identify Q with Z x Z* in a natural way. Can this be used to
define an explicit bijection between Q and Z x Z*? Why or why not?

Is it always true that for f : X — Y and A C X the restriction
fla: A— f(A) Is a bijection?

Let P, = {a,x" +---a1x + ao | a; € Q} be the set of polynomials of
degree at most n with rational coefficients. Is P, a countable set?

How would you prove that there is no one-to-one function from R
to N?

Counterexamples and Constructions

H. Construct the desired example or counterexample.

1)

Find an example that proves the statement “All two-digit numbers
ending in 7 are prime” is false.™

“If your example starts with 5 you had the same idea as Grothendieck, according to legend.
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2) Let A, = (—n,n) C R for each n € N. Construct sets B, so that
UL, A, =UL,B,butforanyi#,jB NB;=a.

3) Construct an example to show that in general for a function f :
X —Yand SCX,S 2 1(f(S)).

4) Construct an example to show that in general for a function f :

X—Yand T CVY,SZ(FXT)).
5) Provethat leftinverse and right inverse functions may not be unique.
6) Find a bijection from N x N to N.
7) Define a function f : R — R and set A such that |f(A)| = |N].
)

8) Define a function f : R — R such that f|oz(x) = x2 and f|oz41 =

—x2.

Standard Problems

[. Solve.

1) Prove that if A C B then B€ C Ac,
2) Prove that A C B if and only if 24 C 28,

3) Provethat AN B =@ ifand only if A C B€.

5) Prove that for any set A, (\geox B = @.
6
7) Provethat{3n+1|neZ}={1-3m|meZ}.

)

)

)

4) Provethat AC Bifand only if AU B = B.

)

) Let A; C A, and By € B,. Provethatif A,NB, = @then A;NB; = @.
)
)

Let A be any finite subset of an ordered set X. Show that A has
both @ minimum element m € A such thatVa € Am < aand a
maximum element M € AsuchthatVae A M > a.

8

9) Show thatif f : X — Y, and A, B C X are such that A C B then
f(A) C f(B).

10) Let f : X — Y be any function, let S, 5;,5,,S; C X forall i € I.
Prove that if f is one-to-one, then

) F(Nie)Si) € Nies F(S)
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) £(S1\ S2) = f(S1)\ f(S2)
i) F71(f(S)=S
1) Let f : X — Y be any function, let T C Y. Prove that if f is onto,
then
FIENT)) =T
12) Let f : X — Y be any function, let 5, 5:,5,,S5; C X forall/ € |,
and T, Ty, T, T; C Y forall j € J. Prove that
i) f (Uiel Si) = Ui/ (5)
”) f_l (UJGJ TJ) = UjGJ f_l(TJ)
i) £ (ﬂjeJ ) = Nies 1T
V) FH T\ T2) = 1 (Ty) \ F(T2)
13) Prove that a function f : X — Y has a left inverse if and only if it
Is one-to-one.

14) Prove that a function f : X — Y has a right inverse if and only if
it is onto.

15) Prove that the function defined in this example is indeed a bijec-
tion.

16) Let X be a finite set. For each subset A of X, define a function f, :
X — {0,1} such that } ., f(x) = |A|. Find an explicit bijection
between 2X and the set of functions from X to {0, 1}.

Bonus

J. Solve.
1) Show that if A, is countable for each n € N, then Unen An Is count-
able.
2) Prove or disprove the following statement: Vx,y € R\ Q x¥ € R\ Q.
3) Foreachne Nletx, € {0,1}"={0,1} x --- x {0, 1} be any ntuple

ntimes

of 0s an 1s. For a fixed n, construct an n-tuple y such that y differs
from x in the kth entry.

4) Let Q(v/2) be the set {p++v2q | p, g € Q}. Prove that |Q(v2)| = |Q|.

A
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Chapter 2

Real Numbers

The real part of “real analysis” comes from the fact that we will be working
primarily with the set of real numbers. To explain this choice we need to
examine their properties. Some features of the real number line, like the fact
that there exists a rational between any two real numbers, or that w and e are
real numbers are often taken for granted. You may have known them to be
true without examining them carefully.

We opt here for a definition of R, rather than an explicit construction, for
simplicity. The full list of axioms about the real number line is avoided here,
under the assumption that the reader is familiar with the general notions of a
field and an ordered set (both of which describe the set of rational numbers).
These alone fail to highlight what makes the real number line special (i.e. why
there isn’t a “Rational Analysis” course to be studying for instead).

21 Real Numbers as an Ordered Field

To begin with, our definition should ensure the containment Q C R. In general
an extension of a number set may not share all of its properties (consider C,
which is not ordered, as an extension of R), but our starting point will be to
at least have the algebraic structure and order of the rational numbers. Q is a
field (a set where division and subtraction make sense) that is ordered (a set
where we can compare elements with a relation like <). It can be proved that
defining the set as an ordered field is enough to guarantee that it will include
rational numbers, so this is already a good start.
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Fact 2.1: Ordered fields contain Q

Let F be an ordered field. Then there exists a map ¢ : Q — F that
respects all field operations’.

Remark. This result does not exactly mean that Q C F, but rather that up to
some relabeling we will find a Q-like structure in F.

What are the desirable properties of ordered fields? For one, the ability
to be only a short distance away from any given number. Informally, when
we think of operations that can make a number “small” we think of division
so that the resulting number is “closer” to zero. This is not something that
can be always done in arbitrary ordered fields, but works with rationals and
real numbers. It is known as the Archimedean? property (or Archimedean
principle), which comes in two formulations. In one, enough instances of
something small can add up to exceed something big. In the other, numbers
can be arbitrarily close to zero. Together they imply the existence of numbers
that are infinitely large and infinitely small.

Definition: Archimedean Property

An ordered field F is said to have the Archimedean property if for any
x,y € F, with x > 0, there exists n € N such that

nx >y

If we let y = 1 and relabel x as ¢, this reads as

1
—<e€
n

We don’t think of considering N or Z as Archimedean because, while they
are ordered sets, they are not fields (i.e. division is not in general allowed).
Similarly, we can't consider finite fields like F, or Fq because finite fields are
not ordered. The smallest field we can prove the result for is Q and, as a
superset of Q, R inherits the property.

“Such a map is called a homomorphism in abstract algebra.
2Pronounced aar-kuh-mee-dee-uhn.
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Proposition 2.2: Q is Archimedean
Let p, g € Q with p > 0. Then there exists N € N such that Np > q.

Proof.

If g < 0the result immediately follows, as np > 0 for any n € N*. Suppose that
g > 0 is of the form g = = where n and m are relatively prime.? Similarly, we
can assume p = £ Then from the fact that they share no common factors and
both rational numbers are nonzero, we have m>1land k> 1,s0qg < mqg=n
and kp = I. We can combine the inequalities to state

g<gm=n<nk=nlp
Setting N = nl yields the desired result. O

Note that not all ordered fields have the Archimedean property* Being
Archimedean is a stronger condition (i.e. a more difficult property to satisfy). A
useful result that holds in all ordered fields is Bernoulli’s inequality, which we
present here without proof (its proof can be done by induction as an exercise).

Fact 2.3: Bernoulli's Inequality
Let F be an ordered field, x > —1 and n € N. Then

(14+x)">14nx

Bernoulli’s inequality can be read as a result on function growth com-
paring polynomial functions of degree n with linear functions with leading
coefficient n. However, it can also be used to show that exponents can be
used to make numbers arbitrarily large or small, as we demonstrate in the
following example.

Example 2a.1:
Lete > 0and x < 1 be elements of an ordered field with the Archimedean
property. Then there exists a natural number n € N such that

x" <€

3l.e. they share no common factors other than 1.
4To learn more about those, look up non-Archimedean fields. Notable examples include

the field of hyperreals, the Dehn field, and the Levi-Civita field.
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Bernoulli's inequality guarantees the existence of y such that x = 1+,
and we can use it again to show

xXT=(1+y)">1+my

for any m € N. By the Archimedean principle, we can find n € N large
enough so that ny > ¢, which yields

X">14+ny>1+e>c¢

Another result we will refer to often and holds true in ordered fields is
the triangle inequality. However, it depends less on the field and more on the
choice of the absolute value function, which we will later see defines a metric.
This is to say, we can use the triangle inequality in a much wider variety of
settings than that of ordered fields, but we present it here in order to facilitate
the proofs in this chapter.

Proposition 2.4: Triangle Inequality
Let F be an ordered field and let x, y € F. Then

Ix +y| < |x| + |y

Proof.

Since substituting —x for x and —y for y makes no difference in the inequality,

The cases considered  we may assume that x + y > 0. Then
are for the sign of

x + y, rather than x X +yl=x+y <|x|+yl

and y independently. 0

For easy reference, we include here some variations of the triangle in-
equality.

Fact 2.5: Triangle Inequality Variations

For any x, y, z in an ordered field F the following inequalities hold:

Ix —z| < |x —y| + |x = 2]
Ix +y| <|x|+ |y
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x| =yl < [x =yl

What, then, makes R so special? It's not algebraic closure: remember
x2 4+ 1 = 0 has no solution in R, and the algebraic closure of Q still fails
to include transcendental numbers like e and 7. It's not the ability to get
arbitrarily close to other numbers (though this is important and it's why we
mentioned the Archimedean property). It's that any value we can get close to
is also a real number.

2.2 The Least Upper Bound Property

While informally this is described as saying that there are no gaps in the real
number line, this is better stated as saying that “exact” bounds exist in R.
Consider S = {g € Q| ¢® < 2}. We can construct rational numbers that are in
this set and are arbitrarily close to v/2. We can see S is bounded above in R
by all values y such that y? > 2, like for example y = 5. The least of these
bounds will be exactly v/2 but this number is not rational, so in Q this “exact”
bound does not exist. More formally, these are called least upper bounds,
which we define below.

A subset S C R is said to be bounded above if there exists M € R such
that for any s € S we have s < M. In this case we say M is an upper
bound for S. Among all possible bounds, an upper bound o such that
for any other upper bound M of S we have a < M is called the least
upper bound.

An ordered field F where any nonempty set S bounded above has a least
upper bound o € Fis said to have the least upper bound property.

Note that bounds must be real numbers and oo and —oo are not in R.
With some changes, it is possible to find the supremum of any set, even if
suprema aren’'t of much interest when the set is empty. While it may seem
counterintuitive, it is vacuously true of any upper bound M of @ that —oo > M.
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Example 2.2.1:

The set S = {—x? +2 | x € R} is bounded above, as —x? + 2 < 2 for
any x € R. In this case a = 2 is the supremum of S. Any other number
exceeding this value, such as M = 4 is simply an upper bound of S.
Some sets, like N C R, are not bounded above.

Analogous to the concept of upper bounds and suprema are lower bounds
and infima.

Aset S’ C Ris said to be bounded below if there exists m € R such that
forany s € S we have m < s. In this case we call m a lower bound of S'.
If S"Is bounded below, A lower bound B of S’ such that if mis any other
lower bound of S” we have 8 > m is called the greatest lower bound of
S

An ordered field F where any nonempty set S bounded below has a
greatest lower bound B € F is said to have the greatest lower bound
property.

A set S’ is said to be bounded (above and below) if there exists M > 0
such that forall s € S’ |s| < M.

Example 2.2.2:

The set {% | x > 0} C R is bounded below by any negative number (as
x > 0implies £ > 0). The greatest lower bound of the set is 0. This set
Is not bounded, as it has no upper bound.

The existence of suprema and infima is not guaranteed in general, but
for any ordered field F, the least upper bound property is equivalent to the
greatest lower bound property.

Let F be an ordered field. Then F has the least upper bound property if
and only if it has the greatest lower bound property.
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It is often useful to consider that because it is the least upper bound,
any value less than sup(S) fails to be an upper bound. Similarly, any value
greater than inf(S) fails to be a lower bound.

Proposition 2.7

Let S C R be bounded above, a = sup(S), and let e > 0. Then there
exists s € Ssuchthats > a —e¢.

Proof.

Let S C R be bounded above, o = sup(S) and e > 0. & > o — e implies o — ¢

is not an upper bound for S, so there exists s € S such that s > o —e. O Contrapositive
statement.

Another way to think about it is to say that if we move any closer to S
from sup(S) or inf(S) we inevitably end up inside the set (instead of bound-
ing it). We therefore present equivalent definitions of the supremum and
infimum:

M = sup(S) ifandonly ifVe >03ds € S: M —¢e < s < M. Similarly,
m=inf(S’)ifandonlyifVe >03s'€ S': m<s<m+e

Example 2.2.3:

Section 2.2 gives us a tool to find the supremum and infimum of a set

by comparing against its elements (rather than by comparing a value

against other bounds). When the sets are intervals, the order properties

of R make the result immediate. Take for example S = (3,7). Then Use an equivalent
inf(S) = 3, as 3 + ¢ can either fall in S (or past S, meaning 3 + ¢ > s for definition.
all s € S). Similarly, sup(S) = .

For bounded intervals, the supremum and infimum are always straight-
forward.

Fact 2.9: Infima and Suprema of Intervals

Let a, b € R, with a < b. Then

inf(a, b) = inf(a, b] = infla, b) = inf[a, b] = a
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and
sup(a, b) = sup(a, b] = sup[a, b) = sup[a, b] = b
If AC R is finite,
inf(A) = min(A)
and
sup(A) = max(A)

The equivalence in ?? justifies the use of only one of the two properties
to define completeness below.

An ordered field F is said to be complete if for any nonempty S C F
bounded above there exists a least upper bound a € F.
We define R as a complete ordered field.

Since R is defined as having this property (i.e. this is not something we
prove but something we assume), completeness is effectively an axiom. It is
called the Completeness Axiom of R>.

2.3 Subsets and Supersets of Real Numbers

It can be shown that, up to isomorphism, R is the only ordered field containing
N that satisfies the least upper bound property. To show that Q is not the same
as R (given itis also an ordered field containing N), we need to show the least
upper bound property fails.

The well-ordering principle states that every nonempty subset of N has
a minimum element. Using this along with the Archimedean property that R
inherits from Q we can prove that any real number lies between two integers.

>Sometimes called Dedekind completeness
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Let x € R, x > 0, then there exists n € N such that

n—1<x<n

Proof.

letS={me N|m> x}. Usingthe Archimedean principle, we can find m
suchthatm=m-1> x,s0 S # @. Then by the well-ordering principle S has
a minimum element, n. By construction we have n > x, and by minimality of
nwe have n— 1 < x, so the result holds. O

As a corollary, we can conclude there is a rational number between any
two real numbers. Though we will postpone the discussion of density un-
til next chapter, here an intuition of being able to find rational numbers in
between any two real numbers will suffice.

Let a, b € R with b > a. Then there exists g € QN (a, b).

Proof.
Using the fact that b > a (and therefore b — a # 0 we deduce that ﬁ € R We
can use Archimedean property to find n € N* such that

1

n>
b—a

which yields nb — na > 1. In particular, we have nb > 1 + na. Now, using
lemma 210 we can find m € Z such that

m<na<m-+1

Combining the two inequalities yields

na<m<nb
which is equivalent to
m
a<—<b
n
Then g="¢€Qn(a, b). O
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The set of rational numbers does not have the least upper bound prop-
erty.

Proof.

let S ={qg € Q] g* < 2}. Itis clear that S has upper bounds (for example, 2).
Suppose for a contradiction that S has a least upper bound o € Q. We will
prove that in facta = v2 € Q.

If a < +/2, we could find g € (a0, v/2), say g = a+ € for some € > 0. Then

()" = (c+e)’

—a’+2 a e+ €
Ny

~—
<2 <eife<l
< o? 4 5e
<2
A2
— €<

Sincea € Q,8 =a+ % € Qand B > a while B8 € S, contradicting our
assumption that o is an upper bound of S.

If a > /2, we could find g € (v/2,a), say g = o — €. Then

(9)° = (o —¢€)?
=a’—2 a e+¢€°
——
=
> a’ — 4de
> 2
a?—2
= e <

We would then have 8 = o — "‘24‘2 € Q as an upper bound for S, since 82 < 2,
and B < a, contradicting the fact that o should be the least upper bound.

It follows that & = /2 and, as we showed earlier in proposition 1.3,
V2 ¢ Q, contrary to our initial assumption. We conclude that Q does not have
the least upper bound property. ]
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All complete ordered fields are, in effect, equal to R and as we have just
shown with the previous example, the set of real numbers is different from
that of rational numbers. Completeness is a property worth defining a new
number system for. Why? If we oversimplify a bit, let us state that anything
we can approximate or get close to should exist so we can define things like
limits. Though rationals exist arbitrarily close to v/2, or , these don't exist
in the field and we therefore cannot define them as limits of approximating
sequences using only Q as an underlying set. Completeness guarantees that
limits exist even if we cannot explicitly say what they are, and this kind of
existence result can be very powerful.

Where does that leave sequences like x, = 2" which diverge by growing
arbitrarily large? It can be convenient to consider that they also converge to
infinity, but since the limit is not a real number we have to make a couple of
amendments.

The extended real line consists of the real number system together with
the symbols co and —oo:

R=RU{oo} U{—00}

A word on notation: in algebra, the notation F is used to denote the
algebraic closure of a field F and the extended real line is not the algebraic
closure of R (C is). In some texts, the notation used is R¥, though in this
writer's opinion the use of R is more widespread. Alternatively, one may write
[—00, 0] or RU {—00, +00}.

In R we can define the supremum of any subset of R, rather than only
bounded ones.

We define the supremum of an arbitrary set S, denoted by sup(S) as

a If Sis bounded above with least upper bound «
sup(S) = 4 if S is not bounded above
-0 fS=g
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We define the infimum of S’, denoted by inf(S’) as

6] if Sis bounded below
inf(S') = 4 —o00  if Sis not bounded below
00 ifS=o

were 3 is the greatest lower bound of S'.

With this definition, the extended real number line has the least upper
bound property and we can find the infima and suprema of arbitrary sets,
rather than only bounded ones. Though it's a technical point, it will be nec-
essary when defining limits.

2.4 Sequences

Approximating values through sets and inequalities like we did in the last
example can be cumbersome. It is easier to have explicit values we can define
and prove “get close to” the number we are interested, and from this point
on that will be handled by sequences.

Let X be a set. A sequence isa map f : N — X. Each term of the se-
quence f(n) is denoted by x,, and the sequence itself (or all the relevant
information in f(N)) is denoted by (x,) ey (SOmetimes {x,}52,).

Though we are defining them here with domain N, the index set for a
sequence only has two requirements: it should be countable and ordered. We
could therefore define sequences indexed with even numbers, odd numbers,
or primes.

Example 2.4.1: Some Types of Sequences
We list here some common sequence types. Consider these a part of
your mental sequence library. Much like your mental function library,
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which may include polynomials, exponential functions, and trig func-
tions, @ mental sequence library is a good place to start looking for ex-
amples and counterexamples. We have

- constant: x, = a for some a € R.
(Xn)pen = (a0, a,...)

- harmonic: x, = % for each n € N*.

(Xn) nen = (1,

N —
Wl
N —

- alternating: x, = (—1)".
(Xn)neN - (1, _1, 1, .. )

Sequences can either be defined explicitly (with a formula for the nth
term) or recursively (where aterm depends on those precedingit). When using
a formula to describe (x,),en, it 1S possible to define a function f : R — R
such that f|N(R) = x,.

Example 2.4.2: Sequences as Functions

Sequences can be seen as discrete subsets of the image of real-valued
functions (which may not match the formula for the nth term). Take for
example the alternating sequence given by x, = (—1)". As a function
f :N — R thisis a good definition but if we change the domain from N
to R, the function is no longer well defined. For instance, evaluating at 3
would notyield a real number. We can, however, see this sequence as the
restriction of cos: R — [—1,1],to theset S = {x € R|dn € N x = wn}.
Note, however, that this is not the only possible extension of f to R, not
even the only continuous extension. In general, discrete functions allow
for simpler rules than their continuous counterparts, and in this way
sequences offer an advantage.

Other than through explicit formulas, we can also define a sequence re-
cursively, where one terms depends on the previous one(s). In the case where
one term only depends on the one preceding it, we can write this formally as
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VANNANL
VR R

Figure 2.1: The alternating sequence (—1)" as part of cos : R — [—1, 1].

the sequence given by xo = ag, x,+1 = f(x,) for some function f : R — R. In
particular, we could set xo = 1, Xx,01 = n+ 1 4 x, results in

(0,1,3,6,10,...)

Common examples of sequences described recursively include arithmetic se-
quences (a, = a,—1 + d), geometric sequences (a, = a,_; - r), the Fibonacci
sequence (ay41 = an + an_1), and nl (a, = n---a,_1).

The examples listed above cover a variety of different “end behaviors™
as nincreases, the sequence may approach a specific real number (like 1), go
back and forth between values (like (—1)") or continue to grow indefinitely
(like n!). We can describe these outcomes in terms of convergence and diver-
gence.

Let X = Q or X = R% We say that a sequence (x,),cn IS bounded if
there exists M > 0 such that for all n € N we have |x,| < M. We say that
the sequence is convergent if for some x € R and any € > 0 there exists
no € N such that if n > ng then |x, — x| < €. In this case we say that x is
the limit of the sequence and may write

lIm x, = x
n—oo

or x, — x for short. A sequence is divergent if it does not converge.

9We will define more general sequences in future chapters.
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Example 2.4.3: Bounded and Unbounded Sequences

The sequence defined by x, = n? is unbounded. Here it is easy to see
that for any candidate bound M, there exists some n € N such that
n> > M. Since it is not bounded, the sequence cannot converge and
must be divergent.

This is not to say that all bounded sequences are convergent, as
the alternating sequence (—1)"is clearly bounded but cannot be said to
converge to anything. The only good candidates for a limit are either —1
or 1 (Why?). If we choose 1 as our limit and set e = 1, for any n, € N and
n > ng there will be infinitely many terms where x, = —1 and |x,—1| > 1,
contradicting the fact that 1 is the limit.

Example 2.4.4: Convergent Sequence

On the other hand, (y») ey defined by y, = ”2,;” Is bounded. For example,
if we let M = 2 we can easily see that |2n?| > |n? + n| so that M > y, for
any n > 1. This is not the best bound, it is simply a bound and that is
enough. In this case we can prove that the sequence indeed converges
to 1. To find the limit we can either compute it directly (as a quotient of
polynomials of equal degrees.

Seen as a quotient of polynomials, we have

Limit of a quotient of
n2+n_ o1 G

lim T = Iim = =1 polynomials.
n—oco N n—oo 1

Alternatively, using U'Hopital's rule’ yields

Limit of a quotient of

=|lm=-=1 functions with
L'Hopital's rule.

[im

To prove that this is indeed the limit, using the definition above,
we start with an arbitrary e and compute the distance:

n°+2n ’ n?+2n—n?
-l el e e
n n
_ 2n
T2

®If f(x) and g(x) are polynomials of degree n with leading coefficients a, and b,

: ) _ an
imx — 05 = b

(x)

If f(x), g(x) = oo when x — oo, then limy_,00 % = iMoo g5
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Using the Archimedean property, we can find n € N such that 2 < ¢,
which proves that (y,),en CONverges to 1 as desired.

If we can break down a sequence into a combination of others that are
known to converge, we can deduce its limit. We list here some useful results
to that effect.

Fact 2.13: Sequence Limits

Let (X) en @Nd (Vn) jen D€ S€qUences in R such that x, — x and y, —
y. Then

CiMpsoo(Xn 4+ ) = X+ y = liMpyo0 X + My Vi
: |imn—>oo XnYn = XY = (“mn—>oo Xn) (Iimn—>oo yn)
< im0 €Xy = €X = climp,_ o X, fOr any real number ¢

My 22 = X = IMnse X prgyided y, # 0 and y # 0.

Yn y limp—c0 Yn

We can use these properties to find the limits of more complex expres-
sions.

Example 2.4.5:

Since the limit of a sequence, if it exists, has to be a real number, un-
bounded sequences are always divergent. Equivalently, we can say that every
convergent sequence is bounded. It can be proved, as follows, that if a se-
guence converges the limitis unique, so that the limit of a sequence is always
well defined. The techniques to find limits are not one size fits all, so we en-
courage the reader to consider the ones presented here but remember that
these are by no means the only ones available (or even “the best” for any
given problem, which may be a matter of personal taste).
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Let (x,),en be a real-valued sequence. If x, — y and x, — z for
y,z€R, theny =2z

Example 2.4.6: Finding the Limit of a Recursive Sequence
When a sequence is defined recursively and it converges, we can use the
fact that

lim x, = lim X,11
n—oo n—oo

to find the limit.
Let a > 0 and consider (x,),cy Where

B d B x2—a
Xo=a+land x,u1=x, (1 — 232

If L =lim, o Xp, @S n gets arbitrarily large we have

L[°—a
SRS

Boundedness is a useful feature (after all, unbounded sequences can't
converge) but is not enough to determine convergence or limits. In short,
boundedness only provides “static” bounds: a horizontal band of uniform
thickness where all terms of the sequence can be found. Better than that is
a “dynamic bound,” one that changes as we move further along in the terms
of the sequence. For example, we can bound one sequence with another: the
terms 2™ are hard to list or find patterns in, but are bounded above by 1 and
below by *71 Since both bounding sequences converge to zero, it follows that
Si”—rf”) must also converge to zero. This result is summarized in the following
theorem:
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Theorem 2.15: Squeeze Theorem

Let (Xn) peny (Vn) pen @Nd (25) ,en b€ real-valued sequences such that x, <
yn < z, forall n € N and suppose that

m x, = Ilim z,=y
n—oo n—oo

for some y € R. Then

lim y, =y
n—00

Proof.

Let € > 0. By the definition of convergence, there must exist natural numbers
ny and n, such thatforall n > n; |x, —y| <eandforalln>n |z, — y| < e
If we let ng = max{ny, np} then for all n > ny we have that both |x, — y| < ¢
and |z, — y| < €. This, along with x, <y, < z, implies

—€<Xp—Y<Ya—y<z,—y<e
which yields |y, — y| < €. Thus
imy,=y
n—oo
U

Since rational numbers are dense in R, for any real number x we can
construct a sequence in Q that converges to x. The proof of this result relies
on the Squeeze Theorem, as can be seen below.

Theorem 216
Let x € R. Then there exists a sequence (gs),en Of rational numbers
such that g, — x.

Proof.

Let € > 0. For each n € N, we can use corollary 211to find g, € (x — 2, x + ).
By construction we have x — % <qg, < x+ % and since both the sequences
x — % and x + £ converge to x O

What we are looking for is not exactly the supremum or infimum of the
set of sequence terms either.
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The usual criterion for convergence of an arbitrary sequence (x,)en tO
a limit L relies on the distance between x, and L becoming infinitesimally
small. Cauchy sequences display a stronger form of convergence that only
depends on the terms of the sequence, and not the value they approach.

A Cauchy sequence is a sequence (x,).en Such that for every e > 0
there exists np € N so that forany n,m € N n > nyg, m > ng we have
|Xm — Xa| < €.

To say that R is complete is to say that it is a metric space containing
the limit of every Cauchy sequence.

2.5 Series

Practice

Memory

A. Recall definitions to complete the sentences.

1) The supremum of @ should be greater than every other upper bound
for @. Why does it make sense to define sup(@) = —oc.
Computation

1) s

Quick Applications

B. Use definitions to prove the desired result.

1) Let S be a nonempty bounded subset of R and let a > 0. Prove that
sup(aS) = asup(S)
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and
inf(S) = ainf(S)

Focus on Technique

C. Use the techniques demonstrated throughout the chapter to prove the
following results.

1) Let x > 1 and a > 0 be elements of an Archimedean ordered field.
Show that there exists n € N such that

x" >«

2) Use Bernoulli's inequality to prove that

i) if x > 1and e > 0then there exists n € N such that x” > e.
ii) if y < 1 and € > 0 then there exists n € N such that y" < e.

3) Use the AM-GM Theorem to prove Bernoulli's inequality.

&) The well-ordering principle states that every nonempty subset of N
has a minimum element. Use this principle to prove that if x € R,
x > 0, then there exists n € N such that n < x < n+ 1. This proves
lemma 2.10.

5) Prove that the set of irrational numbers is dense in R.

6) Prove the results stated in ??

Prove or Disprove

D. Decide whether the statement is true or false. If true, prove it. If false,
find a counterexample.

1) If1=),ycand0 < ¢, foreach nthenthereisa d < 1 such that
¢, < d" for each n.

1) Prove that if {a,},en is @ Sequence of real numbers then

L dp
lim inf
n—oo

< - < — < limsup
lim sup,_oolan™ = liminf, o |a,t/" n—r00

dn+1 dn+1
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Critical Thinking

E. Test your understanding.

1) Is R a complete ordered field?

Counterexamples and Constructions

F. Construct an example or counterexample with the desired property.

1) Prove thatif a, b € R and a < b there exists g € QN (a, b).

2) Give an example of a series which is absolutely convergent but not
uniformly convergent.

3) A well-known theorem states that if a sequence {f,},en Of contin-
uous functions converges uniformly to a function f on E, then f
Is continuous. Give examples of sequences {f,},en Of functions on
[a, b] such that

1) Y ,en fn(x) converges absolutely for all x but does not converge
uniformly

ii) 3 ,en fa(x) converges uniformly, but does not converge abso-
lutely for any x

i) Give an example to show that the converse is not true; that is,
a sequence of continuous functions may converge to a contin-
uous function, although the convergence is not uniform.

ii) State conditions under which we may be able to assert the con-
verse.

Standard Problems

1) Find the limits:

i)
lim v/n2

n—oo
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nlOOO
lim
re (1.0001)7

lim (0, 9999)"
n—oo

iv)
' o1
Bt klog k

2) (3)Suppose ),y nan is a convergent series of positive, nonincreas-
ing terms. Prove

lim a, =0

n—oo

3) Suppose lim,_ n°u, = A. Prove that > nen Un CONverges for p > 1
and A < oo and diverges otherwise.

4) 1f {s,},en is @ sequence of real numbers and

_51+52+"'+5n
n

by

for each n, prove

limsup b, < limsups,

n—oo n—oo

5) If {a,}nenis @ sequence of real numbers and

ay+ar+---+ap
n

b, =

for each n, prove that a, — a implies b, — a. Nathan says: An
interesting addendum here, if you want to add it; you can actually
reqgularize divergent sequences/series using this summation. For
example, the series with general term (—1)* obviously diverges, but
its Cesaro averages converge to 1/2.

6) Assume {a,}qen iS a sequence of positive numbers such that a, —
a. Show that

(arap---an)/" — a

7) A sequence {a,} is called subadditive if apym < a, + am, for any
n,m > 1. Show that, if a, is a subadditive sequence, then {2}
converges, and its limit is equal to inf,>; <.

64



CHAPTER 2. REAL NUMBERS 2.5. SERIES

10)

Solution.

Set L := inf,>; %2, and fix e > 0. By properties of infimum, there
iIsan N > 1 such that ay < N(L +¢€). Let A be the maximum of
the first N elements of {a,}. Now, for any n > N, we can write
n = pN + r, for some p € N, by the division algorithm. Making use
of the subadditivity of {a,}, we find that

an = apnyr < pay + a, < pa, + A.
Therefore, we obtain

A pN(L A
pan+ A _ P +€)+n—>L+e

In < <
n n n

as n — oo, as a consequence of 2¥ tending to 1as n — oc. Since €

was arbitrary, the theorem follows. O

8

Prove that the series

Z(_l)nx +n

n2
neN*
converges uniformly on every interval [—a, a] but does not converge
absolutely for any value of x.

Prove

i) 1Y cylanl < oothen Y, ylan|? < oo.
i) Ifa, > 0and Y,y a, < oo then 3, Y22 < o0

n

(2) Show that if {a,}nen is @ positive sequence and ), a2 < oo
then

for every a > 1/2.

8This is called Fekete's lemma, and has some interesting combinatorial applications. For
example, one can show that the number of self avoiding random walks on a given lattice
of length n, £,, is log-subadditive (the log of the sequence is subadditive), and so the limit
b= lim,_ s o exists, and is called the connective constant of the lattice. - Nathan
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11) Let), .y @» be aseries of positive terms and let k be a fixed positive
integer. Prove that if

. an+ k
lim sup n + <1

n—oo an
then ) .y a» converges while if

a k
lim inf == * > 1
n—o00 an

then ) .\ an diverges.

12) (2) Suppose s, = Y_,.,ax is bounded and {b,},en decreases to
zero. Prove that Zne,\, axbx converges.

13) If >_nen Cnén cONverges for every sequence {€,}nen such that§, —
0 as n— oo, prove that 3\ ¢, converges absolutely.

14) Show that if {f,},en is @ monotone increasing sequence of contin-
uous real functions defined on [0, 1] that converges pointwise to a
continuous function f, then the convergence is uniform.

15) (2) Let {f,},en be a sequence of continuous functions which con-
verges uniformly to a function f on a set E. Prove that

lim f,(x,) = f(x)

n—oo

for every sequence of points {x,},en INn E such that x, — x € E.
Is the converse true?

16) Establish the convergence or divergence of the following:

I) EE;; £5#§%£;;ﬂ
i) 1

; nin?n
i)

-1 n712n
>

neN*
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17) Suppose Y ..y an = oo, where a, > 0 for each n. Establish the
conditions on {a,}.en that determine convergence or divergence
of the following series, providing examples when necessary.

1)

iii)

18) Suppose a, >0, s, = a;+ax+---+a, and )_ . a, diverges. What
can be said about the convergence or divergence of }_ . 1=~ and
_neN Trna, ©

19) (2) Let a, > 0 for each n € N. Show that if Y, a, converges then
> ,en@sand Y, anantr also converge. Does the result still hold
if we no longer require a, > 0?

20) Giventhat)_,_y a,converges, where each a, > 0, prove that}_, _y(anant1)*/?
also converges.

21) Suppose a, > 0 and Y .en an CONverges. Let r, =) k > nay. Prove

1)

dp
neN In
diverges
i)
>
neN 'n
converges.

22) Let f(x) = Y,y anx". Prove that f(x) and f’(x) have the same
radius of convergence.

23) (2) Let
e 2 x #0

0 X =
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i) Show that F("(0) exists for all n > 1.

ii) Show that the Taylor series about 0 generated by f converges

everywhere on R but that it represents f only at the origin.
24) Find the Taylor series for the function
eX

f(x)= ——

(x) 14+ x2

and compute its radius of convergence.

25) (2) Consider

1
Fl) = Z 1+ nx

neN

For what values of x does the series converge absolutely?

i) On what intervals does it converge uniformly?

iv) Is f continuous wherever the series converges?
Is f bounded?

vi) Does {f!(x)}.en cOnverge to f'(x) for all x?

)
)
iii) On what intervals does it fail to converge uniformly?
)
)

\Y

26) Does the sequence defined by the following functions converge
uniformly?In which intervals?

x € [0, )
27) Prove that Y hen: pi where p, is the nth prime, converges.

28) Discuss the convergence/divergence of

X (R RUG
:

2 n
neN*

29) Show that Y, . 2™ is convergent for all real numbers x.

n
30) Prove that the series Y, . 2 is not uniformly convergent on
any interval that includes the origin.

31) Determine the values of p that make the following series conver-
gent:

1
Z nlog n(log(log n))»

n>3
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32) Prove that Lfo S"‘Txdx converges conditionally.

33) Show that the sequence {f,},en- defined by f,(x) = sin(In(n + x))
has a uniformly convergent subsequence on [1, 100].

34) Does the sequence {f,}n,en With f,(x) = sin(In(nx)) have a uni-
formly convergent subsequence on [1, 2]? Why?

35) Assume that {F,},en+ converges uniformly to the continuous func-
tion F on R. Show that

Fn (x+§) — F(x)

forall x e R.

36) IF {f,}.en isasequence of functions such that for each n f/(x) exists
for all x € [a, b], is continuous for all x € (a, b), f, — f on [a, b]
and £/ "% g on [a, b], prove g = ' on [a, b].

37) Let x,41 cos(x,), Xo = 1. Show that {x,}.en iS @ convergent sequence.

38) Suppose f : R — R and f’ are continuous over R. For x €
[z — 1,z + 1], define the sequence x,.1 = f(x,). Consider the limit
lim,_ f(x,). Describe its behavior in the cases when

) |f'(y)|<1forally e[z—1,z+1]
i) [F'(y)| >1forally e [z—1,z+1]
and prove a convergence result.

39) (2) Prove that if }_
Is defined by

hen @n CONverges to A, s, = Zkgn a, and {b,}nen

Si+S+---+5,
n

b, =

for each nthen b, — A.
40) Prove there is no continuous function f on R such that

- f(x) is rational if x is irrational, and
- f(x) is irrational if x is rational

41) Let f:[0,2] — R be defined as

0 x€]0,1)

=1, cena

Does there exist a function g : [0, 2] — R such that ¢’(x) = f(x)?
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42)

43)

Let M be an upper bound for S € R. Prove that M = sup S if and
only if for every e > 0 thereisans € Ssuchthat M —e < s < M.
Formulate a similar statement regarding the inf S.

Solution.

(=)

Let M =sup S and e > 0. Suppose for a contradiction that there are
no elements of S in the interval (M — ¢, M]. Then M — ¢ would be
an upper bound for S, and since € > 0 it would be a lower bound
than M, contradicting its minimality. Therefore there must exist an
elements € Ssuchthatse€ (M —¢, M] (ie. M —e < s < M).

(=)

We prove the contrapositive statement. Suppose that M # sup S,
that is it is not the least upper bound for S. Then there must exist
another bound B < M for S (i.e. s < BVs € S.) Since B is an
upper bound, no element of S is above it, and given it is different
from M, M — B > 0. If we set e = M — B, then no element of S
liesin (M — ¢, M] = (B, M] (i.e. for some e > 0 no s € S satisfies
M—e<s<M).

A parallel statement about the infimum is:

Let m be a lower bound for S € R. Then m = inf S if and only if for
every € > 0 thereisan s € S suchthat M +¢€ > s> M. O

Let {x,} be a sequence of real numbers and put

Sun = SUP{Xn, Xvg1, Xnso, .- f - and s,y = inf{xy, Xn41, Xng2, - - -}

where N =1,2,.... Define

lim x, = inf S,y = lim S,y and limx, =sups, = lim s, u
N>1 N—oo 1 '

Prove that

lim x, + lim y, <Tim (X, + yn) < lim x, +lim y,

provided that the left and right sides are not of the form co — oc.
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Bonus

1) Prove that the series

34+56+ 2n-|—12n-|—2+
2 3 4 5 2n 2n+1

is convergent, where the series

3 4 5 6 2n+1 2n+2

> 3T 5T Ty Tonr1 T

Is divergent.
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Additional Resources
For further reading of the construction by Dedekind cuts (which may be of

logical and historical interest), see the appendix to Chapter 1 in [Rud76] (for
a brief version) or Chapter IV of [Lan66] (for an extended version).
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